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Goals:

@ Finding the one-sided limit algebraically.
@ Finding the one—sided limit graphically.
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Motivational Example
Consider the function

The graph of the function is given by

A
L 4
x

Question: What can you say about the limy_o f(x)?
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Continue...

@ If we approaches 0 from the left (values slightly less than 0), f(x)
approaches —1. In this case, we say that the limit from the left is
equal to —1 and we write it as

lim f(x) = -1

x—0~

@ If we approaches 0 from the right (values slightly greater than 0),
f(x) approaches 0. In this case, we say that the limit from the left
is equal to 0 and we write it as

lim f(x)=0

x—0t

Theorem

lim f(x) =L < lim_ f(x)=L and lim f(x)=1

X—a x—a xX—a~

Otherwise, we say limy_,, f(x) = L Does Not Exist.
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1 - Finding the one—sided limit algebraically

Example
Consider ,
x“—4 9
flx)=4x2 X%
3x + 1, x> 2
Solution:

Q lim, o+ f(x) = limy o+ 3x+1=17.

limy o (x +2) = 4.
@ limy_,» f(x) = Does Not Exist, since lim,_ - f(x)# lim,_,o+ f(x).

. . 274
Q limy, 4f(x) = lim, 4 X5 = = —6.

Q lim o+ f(x) = lim 0+ 3x+1=1.
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Example
Consider

x2—3x+42 1
f(x):{ 1o X7

5x2, X =

Solution:

@ lim,_1 f(x). Since the function has more than one definition near
x =1, we need to find the left and the right limits.

) _ . —1)(x+2

o ||mX_>]_— f( ) — |Imx_>]_— # = = I|mX_>1_ (x (X)_(;f) ) =
lim, ;- (X + 2) =3.

@ limye F(x) = limy e 2302 = =lim, . U2

lim,_1+(x+2) =3.

Hence limy_1 f(x) = 3, since lim, ;- f(x)=lim,_,1+ f(x).

) . 2_
Q limy4 f(x) = limy_q % —2

. . 2
Q lim, ., 1+ f(x) = limy—_14 % - 3.
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Exercise

Consider ,
-1 15<x<2
2
f(x)z i;(_l 1, x>2

— x#1
3, x<0

Q lim, 1+ f(x)

2] Iimx%l_ f<X)

Q limy_1 f(x)

0 |imx_>2 f(X)

Q limy_of(x)

(6] Iimx—>1.5 f(X)

@ limy,_ 1 f(x)
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Example

Consider f(x) = |x|, which can be written as

f(x>=|x|={x' =

—X, x <0

Solution:
Q lim, g+ f(x) = limy_g+ x = 0.
(2] “mx—>0* f(

© limy_of(x) =0, since lim,_,g- f(x)=lim,_,o+ f(x).

x) = limyy0- —x = 0.
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Example

Find | 2l
X+
i
im X+ 3) )
Solution:
Ix + 2| . (x+2)
li 3 —— = | 3
Pl (x+ )( +2) x—:T2+(X+ )(X+2)
lim (x+3)=1
x——2F
Example
Find lim, o 2% J
Solution:
VX2 |x] —X
im — = |lim — lm — = —1
x—=0" X x—0" X x—=0- X
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2 - Finding the one—sided limit graphically

Example J

Consider the function

Find

Q limy_of(x)

Q limy_1 f(x)

Q limy_o f(x)

Q limy_37(x)
(x)

Q limy_4f(x

| \ 9

L4
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