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Section 3.3
Basic Derivatives
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2 Differentiation Rules.
I Sum and constant multiple rule.
I Product and Quotient Rules.
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Definition of the derivative

Recall: As in the homework, we find that

1 d
dx (c) =0.

2 d
dx (x) =1.

3 d
dx

(√
x
)

= 1
2
√
x

.

4 d
dx

(
1
x

)
=−1

x2 .

Next we want to find the derivative of the power function f (x) = xn, for
any non-negative integer.
We will use the following:

zn − xn =
(z − x)(zn−1 + zn−2x + zn−3x2 + · · ·+ z2xn−3 + zxn−2 + xn−1)︸ ︷︷ ︸

n terms each of power n−1

.

f ′(x) = limz→x
f (z)−f (x)

z−x
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Power Rule

Theorem

d

dx
(xn) = nxn−1

Let f (x) = xn, then

f ′(x) = lim
z→x

f (z)− f (x)

z − x

= lim
z→x

zn − xn

z − x

= lim
z→x

(z − x)(zn−1 + zn−2x + · · ·+ zxn−2 + xn−1)︸ ︷︷ ︸
n terms each of power n−1

(z − x)

= lim
z→x

(zn−1 + zn−2x + zn−3x2 + · · ·+ z2xn−3 + zxn−2 + xn−1)︸ ︷︷ ︸
n terms each of power n−1

= xn−1 + xn−2x + xn−3x2 + · · ·+ x2xn−3 + xxn−2 + xn−1)︸ ︷︷ ︸
n terms of power n−1

= nxn−1
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Continue...

= lim
z→x

(zn−1 + zn−2x + zn−3x2 + · · ·+ z2xn−3 + zxn−2 + xn−1)︸ ︷︷ ︸
n terms each of power n−1

= xn−1 + xn−2x + xn−3x2 + · · ·+ x2xn−3 + xxn−2 + xn−1)︸ ︷︷ ︸
n terms of power n−1

= xn−1 + xn−1 + xn−1 + · · ·+ xn−1 + xn−1 + xn−1)︸ ︷︷ ︸
n terms of power n−1

= nxn−1
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Example

1 d
dx

(
x5
)
= 5x4.

2 d
dx

(
x2
)
= 2x .

3 d
dx

(
x3
)
= 3x2.

4 d
dx (x) = 1x0 = 1.

5 d
dx (x

π) = πxπ−1.

6 d
dx

(
x−10

)
= − 10x−10−1 = − 10x−11.

7 d
dx

(√
x
)
= d

dx

(
x−

1
2

)
= − 1

2x
− 1

2 .

8 d
dx

(
6
√
x7
)
= d

dx

(
x

7
6

)
= − 7

6x
1
6 .

9 d
dx

(
1

x3
√
x

)
= d

dx

(
1

x
7
2

)
= d

dx

(
x−

7
2

)
= − 7

2x
− 7

2−1 = − 7
2x
−−9

2 .
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Exponential Functions

Theorem

Let f (x) = ax , then
d

dx
(ax ) = ax ln a

Proof:

f ′(x) = lim
h→0

f (x + h)− f (x)

h

= lim
h→0

ax+h − ax

h

= lim
h→0

axah − ax

h

= lim
h→0

ax · a
h − 1

h

= ax · lim
h→0

ah − 1

h
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Continue...

= ax · lim
h→0

ah − 1

h

= ax · ln a

Note: Let a = e = 2.71828281 . . . be the Euler number, then

d

dx
(ex ) = ex ln e = ex
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Theorem

Let f (x) = ekx , then
d

dx
(ekx ) = kekx

Proof:

f ′(x) = lim
h→0

f (x + h)− f (x)

h

= lim
h→0

ekx+kh − ekx

h

= lim
h→0

ekxakh − ekx

h

= lim
h→0

ekx · e
kh − 1

h
→ = ekx · lim

h→0

akh − 1

h

= kekx · lim
h→0

ekh − 1

kh
→ = kekx · ln e = kekx
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Example

1 d
dx (2

x ) = 2x ln 2.

2 d
dx (7

x ) = 7x ln 7.

3 d
dx (e

x ) = ex .

4 d
dx

(
e3x
)
= 3e3x .

5 d
dx (e

−x ) = − e−x .

6 d
dx

(
e−2x

)
= − 2e−2x .
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