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Inverse Trigonometric functions

@ The derivative of the basic inverse trigonometric functions.

@ The derivative of functions that involve inverse trigonometric
functions.

© Identities of inverse trigonometric functions using differential calculus.
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f(x) = sinx has an inverse if x € [, 5]. The inverse of the sine
function is denoted by

fl(x) =sin"1x (= arcsin x)

with the following properties:

© The graph of y =sin"1x is:

@ The domain of sin~!x is [—1,1]
.1 . _
© The range of sin" " x is [7” %]
Q sin (sin_1 x) =
)

@ sin ! (sinx) =

Exercise

Write a similar definition for the tan~! x and sec™!

properties.

x and explore their
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Derivative of sin"! x
Example

Find 2 (sin~!x).

Solution:

y =sin"!x, find y/

siny = sin (sin"! x)

siny = x
cosy-y =1
y' = =secy
cos y

s'n X Oopp
iny =x= =

Y 1 hypo
(adj) + (opp)? = (hypo)?

(adj)? +x* =1

X

y' = di (sin_lx)

(adj)? =1 — x?
adj = v/1—x2
secy — hypo _ 1
adj  V1-x2
- 1
S ie
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Exercise

. d -1
Derive a formula for I (cos x)
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Derivative of tan—! x

Example
Find d% (tan_1 x). J
Solution:
_ . _ Xopp
y =tan lx, find y/ tany = x = IH
tany = tan (tan"" x) (adj)® + (opp) = (hypo)?
fany =x 14 x* = (hypo)?
sec2y-y/ =1 (hypo)2 112
1
y'=— = cos?y hyp:m
sec? y - 1
cosy = =
Y hypo /1 + x2
d 1
! - — t -1 =
y o ( an x) T2
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Exercise

. d -1
Derive a formula for I (cot x)
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Derivative of sec ! x
Example

Find % (sec ! x).

Solution:
___ xhypo
y =sec lx, find y ey =x=a adj
tany = -1 i)? 2 — 2
y = sec (sec” " x) (adj)” + (opp)* = (hypo)
secy = x 1+ (opp)? = x2
secytany -y =1 (opp)? = x> — 1
1 t
y'= ==Y opp = Vx> —1
secytany X 4 .
coty = 24 =
opp x2—1
1
= — (seclx) = ———
e ) x|v/x2 —1

Dr. Abdulla Eid (University of Bahrain) Inverse Trig

8/ 20



Exercise

. d -1
Derive a formula for I (csc x)
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Summary

(Derivative of the Inverse Trigonometic functions)

1
(sin"1x) = —— (cos 1 x) =

V1—x2

1
(tan"1x) = e (cot™t x)’

_ -1
T 14-x2

1
o x[vx2—1

-1
o x[vx2—1

(sec™ x)’ (esctx)/
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2 - Derivative of functions that involve the inverse
trigonometric functions

Example
Find y" if y = tan"1(/x).

Solution: We have y = tan 1(y/x)

v
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Example

Find y" if y = vtan—1x.

Solution: We have y = v/tan=1 x

y = 1S (tan_1 x)l
2v/tan 1 x
1 1

B 2vtanTx 14+x2
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Example
Find y' if y = cos™! ().

Solution: We have y = cos ! (&)
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Example
Find y’ if y = arcsin (3 — 2x).

Solution: We have y = arcsin (3 — 2x)
1
y = S(3—2x)
1—(3=2x)?
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Example

Find y’ if y = sin~! (\/sin x).

Solution: We have y = sin~! (\/sin x)

1—(@)

+ COS X

1
_\/1—(\/5"]—)()2 24/sin x
1
 V1—sinx 2v/sinx

-+ COS X
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Example

Find y' if y = xsin" ! x + v/1 — x2 and simplify your answer.

Solution:
+ N\
X . .
2v/1—=x2 241 —x2
X X

_|_ —
V1i—x2 V1-x2

y' =sin"lx (—2x)

y' =sin"lx

=sin"1x
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|dentities of inverse trigonometric functions using
differential calculus.

Example
Find y' if y = sin™! 4 cos ! x. J
Solution:
yo_ L oot
V1—x2  V1-—x2
y'=0

The derivative is always zero, which means the function y is a constant.

y=sin"!+cos tx=C— sin"}(0)+cos }(0) =C — =C

N[

Hence the identity is

.1 1 _7T
sin- ~ 4 cos X—E
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Exercise
Show using calculus that

Q@ cot 'x=Z—tan1x
Q csclx= o sec 1 x
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Example
Find y’ if y = tan"!x +tan"! ().

Solution:
ot 1 -1 1 x* -1
Y T 11 1+(;l_()2 x2 14x2 1+x2 x2
1 1
/ _)y/ _0

Y15 14X

The derivative is always zero, which means the function y is a constant.

1 1
y=tan 'x+4tan! (—) =C — tan }(1) +tan"! (I) =C— %
x

Hence the identity is

1
tan_lx—ktan_1 (—) = z
X 2
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Exercise
Show that sec™!(—x) + sec™1(x) = . J

Exercise
Show that

_ _ _ X+ a
tan 1x-l-tan 15 =tan 1( )
1— ax

and use it to compute tan~1 1 +tan"12 + tan~! 3.

Exercise
(Challenging problem) What is wrong in

1 1
+
V1i—x2  |x[vx%2 -1

di)l( (sin"'x+sec tx) =
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