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Indefinite Integral

Given a function f, if F is a function such that

F'(x) = f(x)
then F is called antiderivative of f.
Definition
An antiderivative of f is simply a function whose derivative is f. J

Note: Any two antiderivatives of a function differ only by a constant.
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Indefinite Integrals

If F(x) is the antiderivative of f(x), we will write

/ f(x)dx = F(x) +C
——

antiderivative

where
@ The symbol [ is called the integral sign.
@ The function f(x) is called the integrand.
@ The constant C is called the constant of integration.

@ dx indicates the variable involved in the integration which is x.

Note: The Fundamental Theorem of Calculus

a ( [ 7 dx) = f(x)and [ £ (F(x)) o = F(x)

Integration and differentiation are reversing each other.

Dr. Abdulla Eid (University of Bahrain) The Fundamental Theorem of Calculus

3/30



Examples

Example
Find [ 7 dx. J

Solution: We need to find what is the function that if we differentiate it
we get 77
/7 dx =7x+C

Example
Find fxdx. J

Solution: We need to find what is the function that if we differentiate it
we get x7?

/xdx:%x2+C
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Examples

Example
Find fxg dx. J

Solution: We need to find what is the function that if we differentiate it
we get x°7

1
9 10
/x dX__lOX + C

Example
Find [ 1 dx. J

Solution: We need to find what is the function that if we differentiate it
we get )l(?

/ldlenx+C
X
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Elementary integration formula
(1] f kdx = kx+ C.

Q@ [x"dx = x"t1 4+ C n#—1.

Q@ [xldx= [ldx=Inx+C x> 0.
Q [eXdx=e"+C.

Q [ KF(x)dx = k [ F(x)dx .

O [(f(x)+g(x))dx= [f(x)dx+ [g(x)dx.
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Example
Find f5x_9 dx.

Solution: 5
/5x_9 dx = _—8x_8 +C

Example
Find [ 3 dx.

Solution:

/—dx—/3x_6dx—_ S+ C
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Example
Find [ 4x5+3x* +2x 49+ L dx. J

Solution:

1 4
/4X6—|—3X4+2X+9—|-—dX:7X7+§X5—|—X2+9X—|—|nx+c
X

Example
Find fxg'g —Tx0 +3x x4 \/§dx. J

Solution:

1
x99 —7x0 4+ 3x x4 \/5 = mxlo'g —x"+ %X_3 +Inx+ \/Ex—l— C
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Example
Find [ /x + 3—%? dx.

Solution:

- 2
/\/_—I— _dX—/x%+ng2dx:§x%+g3x%+C

Example
Find f e + x© + e2 dx.

Solution:

1
/ex—i—xe—i—ede:ex+—xe+1+e2x+C
e+1
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Example
Find [ x72(4x> +3x + 5) dx. J

Solution:

/x_2(4x3+3x+5) dx = /4x+3x-1+5x—2dx=2x+3|nx—5x‘1+C

Example J

Find [ X10¢ gx.

Solution:

4 1 1
/ﬂdxz /x2+10x*1dx=§x3+10|nx+c

x2
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Example
Find [(x 4 2)? dx.

Solution:

1
/(X+2)2dX= /X2+4X+4dX=§X3+2X2+4X+C

Example
Find [ <¢11+7> dx.
Solution:

i \VTHx VIt
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Example
(Old Exam Question) Find [(7x® — 6x? —In3) dx. J

Solution:
/(YX3 —6x%> —1In3)dx = £x4 —2x3>— (In3)x+ C
Example
(Old Exam Question) Find [ =3 dx. J

Solution:

3 —3.3 -3 —-2.3
X33dX—/ 3X dX_T_?)X +C
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Example
(Old Exam Question) Find [ (8 — 5e¥) dx. J

Solution:
/(8—5ex)dx:8x—5ex—i—C
Example
(Old Exam Question) Find [(y/x — 2) dx. J

Solution:

2 3

/(ﬁ_g)dxz /(Xé_g)dx=§x2—3lnx—|—C
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Example
Find [ e"0+1) g

Solution:

2 x3
/eln(x ) dx = /(X2+1)dx: ?—l—x—{—C
Example
Find [ dx.
Solution:
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Indefinite Integrals involving Trigonometric and inverse
trigonometric functions

Example
Find f csc? x dx. J
Solution:
/csczxdx = —cotx+ C
Example
Find f4sinx—i—3cosxdx. J

Solution:

/4sinx+3cosxdx: —4cosx+3sinx+ C
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Example
Find f x3—x* cosx+5 dx.

Solution:

/x3—x4cosx—|—5

1
7 = /——cosx—|—5x_4dxdx
X X

=In|x| —sinx — gx*3+ C

Example

Find [ —=f— dx

Solution:

7
—dX:7Sin_1X+C
/\/1—x2
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Example
Find f Ltcos®x gy

COS X

Solution:

1 2
/m:/ Lo
cos? x cos2 x
:/sec2x+1dx
=tanx+x+C
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Example
Find [ sin2x gy,

sin x

Solution:

/sin2xdx= /2sinxcosxdx

sin x sin x

= /2cosxdx
=2sinx+C
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Example
Find f

t41

Solution:

t>—1 (t2—-1)
[ o1 /(t2+1)(t2—1) o

1
Y
/t2+1 x

=tan ‘x+C
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Example
Find [ cosx(tan x + secx) dx.

Solution:

/cosx(tanx+secx) dx = /cosxtanx+cosxsecxdx

sin x 1
=/cosx + cos x dx
€OoS X Cos X
z/(sinx—l—l) dx
= —cosx+x+C
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Note: If [ f(x)dx = F(x)+ C, then [ f(kx)dx = +F(kx)+ C.

Example
O [e¥dx= 1>+ C.
Q@ [eXdx=Le*+C.
Q@ [edx=Le >+ C
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Example
(Old Exam Question) Find [ (X 45)% dx. J

Solution:
/(ex +5)%dx = /(eZX + 10e* + 25) dx
1 2x X
=5e +10e* +25x+ C
Exercise
(Old Exam Question) Find [ (eX — e_X)2 dx. J
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Example
(Old Exam Question) Find [ 1L dx.

Solution:

14 e~ 1 ex

I dx:/(zﬁ)dx
:/(efx—l—l)dx
=—e*+x+C
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Example
Q@ [sin(2x)dx = — § cos(2x) + C.
Q [ cos(—x)dx = 1sm( x)+ C.
o fsec(rcx) tan(7tx) dx = L sec(nx) + C.
Q [sec?(7x) dx = L tan(7x) + C.
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Recall: The trigonometric ldentitites:

(cos and sin functions)
Q@ cos?x +sin’x = 1.
O 1 —sin®x = cos? x.
Q 1— cos?x = sin’x.

(tan and sec functions)

Q sec?x —tan?x = 1.

@ sec? =1+ tan?x.
© tan?x = sec?

(Double Angle Formula)

x—1.

@ sin(2x) = 2sin x cos x.

@ cos(2x) = cos?

2

X — sin“ x.

© cos®x = 1 (14 cos(2x)).
Q sin’x = 3 (1 — cos(2x)).
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Example
Find fseczxdx.

Solution:

/seczxdx: tanx + C

Example
Find [ tan?x dx.

Solution:

/tanzxdx: /seczx—ldx

=tanx—x+C
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Example
Find [ sin?x dx.

Solution:
/sinzxdx = /% (1 —cos(2x)) dx
%/ 1 — cos(2x)) dx
% (x - = sm(2x)>
Exercise

Find [ cos? x dx
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Example
Find [ 6 — cot? x dx.

Solution:
/6—cot2xdx = /6— (csc® x — 1) dx

:/7—csc2xdx

=T7x—cotx+ C
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Example
Find [ (secx + tan x)? dx. J

Solution:
/(sec><+tan><)2 dx = /sec2x+25ecxtanx+tan2xdx
= /sec2x+2secxtanx—|—sec2x—1dx

= /2sec2x+25ecxtanx—1dx
—=2tanx +2secx —x+ C

Dr. Abdulla Eid (University of Bahrain) The Fundamental Theorem of Calculus 29 / 30



Example

Find f \/4;_7 dx.

Solution:
1 g (X
/—_4 — dx = sin <§)

Example
Find [ g5 dx.

Solution:

/9—!-;x2 dx = %sin_1 (g)
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