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@ Review of the trigonometric functions (Pre—Calculus).
@ Limits involving trigonometric functions.
© Derivative of the basic trigonometric functions.

@ Derivative of the functions that involve trigonometric functions.
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Review of the trigonometric functions (Pre—Calculus)

© Radian and degree of an angle.
@ Definition of sine and cosine functions and their graphs.
© Definition of the other trigonometric functions.

@ Some important trigonometric identities.
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Radian and Degree

@ Angles are usually measured by their degree, for example, 30°, 45°,
90°, 180°, etc.

@ On the other hand, angles as real numbers are given in terms of

radian.
degree — radian radian — degree
degree radian
. -180°
180°
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degree — radian radian — degree

degree radian

180°

-180°

Exercise 1
Fill in the following table

Degree || 0° | 30° 60° | 90° | 120°
Radian

180° | 270° | 360°

SE
2
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Definition of Sine and Cosine

Unit Circe Right Triangle
sind opposite
] e
hypotunse
adjacent
— i cosf = ———
1 <sinf,cosf <1 hypotunse
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Example 2
Compute using the unit circle the values of sin 7, cos 7, sin 7, cos 7.

Solution:

cos — =
sin 7Tt =

COS 7T =
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Exercise 3

Fill in the following table using a calculator

T T 7T 7T 27T 31 %4 31

6 |08 l%|3|2|5|%|% 7 |27
sinf

cos 6
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Graph of since and cosine

—— <
x
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Graph of since and cosine

—— <
x
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3 - Definition of the other trigonometric functions

sinf _ opposite cosf  adjacent

tanf = = cotf = =
cosf  adjacent sinf  opposite
1 hypotunse 1 hypotunse
sect = = yp' un csc = — = YpP u.n
cos @ adjacent sin 6 opposite

sinf >0 All> 0

AN
L 4
x

tan® >0 | cosf >0

“All Students Take Calculus*
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Some useful trigonometric identities
Q sin?6 4 cos? = 1.

Q@ 1-+tan?0 = sec?0 (14 cot?6 = csc? ).

@ sin(—0) = —sinf (odd function)
cos(—6) = cos® (even function).

@ Double angle formula:
sin(20) = 2sinf cosO .
cos(20) = cos?() — sin() .
cos? 0 = (1 + cos(26).
sin? 6 = (1 — cos(26).

=N

© sin(a+ b) = sinacos b+ cosasin b.
cos(a+ b) = cosacosb — sinasin b.
These are very useful formula!
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Continuity of Sine and Cosine

Exercise 4
Prove that f is continuous at a if and only if

,li_r1>10f(a+h) = f(a)

Exercise 5
Use the trigonometric identities to show that

lim sin(a+ h) = sin(a)
h—0

and use the exercise above to show that f(x) = sin x is a continuous
function. Do the same for the f(x) = cos x.
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2 - Limits involving trigonometric functions
Example 6

sin @
lim — =1
em) 0

Solution:

area of < area of < area of

1 1 1
Zenf < 2 < =
2sm9_ 29_ 2tan9

1 < .9 <ta.n9

~ sinf — sin6

1550 s = tim SN g
0 g—0 0
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Example 7
Find

Solution:

1—cosf . 1—cosf® 1+ cosb

6o0 6 600 6 1+ cosf
. 1 — cos?0
= lim ——M
60 0(1 + cosf)
~im sin® 6
00 0(1 + cosb)
sinf sin @

=i .
60 6 (1+ cosf)
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Exercise 8

Find
im tan@
-0 0
Solution:
im tan s sin@
650 0 60 0cosf
~iim sin@ 1
~ 650 0 (cos0)
=1-1

=1
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Three Important limits

sin@
lim — =1
9'—% 0
lim 1 —cosf _ 0
60—0 0
tanf
li =1
el—rPo 0
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Example 9

Find
i sin(7x)
x—0 X
Solution:
im sin(7x) N 7sin(7x)
x—=0 X x=0  Tx
_ 7 lim sin(7x)
x—=0  Tx
=7
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Example 10

Find
. . (1)
lim xsin [ —
x—0 X
Solution:
—1<sin (—) <1
X
. (1
—x < xsin (—) <x
X
. . (1 .
lim —x < lim xsin (—) < lim x
x—0 x—0 X x—0
1
0 < lim xsin (—) <0
x—0 X

[im xsin (l) =0
x—0 X
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Exercise 11

Find e
lim \/)?es'"(?)
x—0t
Solution:
—1 <sin ( ) <1
X

e—l Sesm(%) < e].
_\/;eflé sm( )<\/—e
lim —y/xe * < lim \/)?es'n(?) < lim y/xe!

x—07F x—0t x—07t
0< lim vxe"(¥) <o
x—0t
l sin(%) = o
XL%Lr ﬁe
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Example 12
Find

Solution:

. . sin
lim 0 < lim <
X—00 x—>00 X2 —+ x—00 X2 +1

sin? (x)

N
X
=z
=

0 < lim

~ x—o00 x2 4+ 1
sin (x)
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Example 13
For which value(s) of k is the function defined by

sin x
shx 0
f(x) _ { ” x <

263 —k, x>0

continuous at x = 07

Solution: We need to compute the left and right limit and we make them
equal.
sin x

lim f(x) = lim — =1
x—0~ x—0" X

lim f(x) = lim 2e> —k =2 —k
x—0t x—0t
we havel =2—k — k=1.
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Exercise 14
For which value(s) of k is the function defined by

sin(2x) x <0
f(x)= x )
cos x + x“ + 4k, x>0

continuous at x = 07
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